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Band-gap change of carbon nanotubes. Effect of small uniaxial and torsional strain
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We usea simple picture basedon the 7 electronapproximationto study the band-gapvariation of carbon
nanotubesvith uniaxialandtorsionalstrain.We find (i) thatthe magnitudeof slopeof bandgapversusstrain
hasan almostuniversalbehaviorthat dependson the chiral angle, (ii) that the sign of slopedependson the
valueof (n—m) mod 3, and(iii) a novelchangen signof the slopeof bandgapversusuniaxial strainarising
from a changein the value of the quantumnumbercorrespondingo the minimum band gap. Four orbital
calculationsare also presentedo showthatthe 7 orbital resultsare valid. [S0163-182609)00844-9

I. INTRODUCTION

The mechanicabndelectronicpropertiesof carbonnano-
tubes(CNT) haveindividually beenstudiedin somedetaif =
andthe predicteddependencef bandgapon chirality’ > has
beenobserved. The study of band-gapvariation with me-
chanicaldeformationis importantin view of the ability to
manipulateindividual nanotubed. Additionally, they could
form the basisfor nanoscalesensordn a mannersimilar to
experimentsusing Cqo molecule€ Recentstudiesof band-
gap changeof zig-zag and armchairtubes on mechanical
strainhaveshowninterestingbehavior’ ™ Reference® and
10 studiedthe effect of uniaxial strainusinga Green’sfunc-
tion methodbasedon the 7 electronapproximationand a
four orbital numerical method, respectively.Referencell
predictedthe openingof a bandgapin armchairtubesunder
torsion, using a method that wraps a masslesstwo-
dimensionalDirac Hamiltonianon a curvedsurface.In this
paper,we presenta simple and unified picture of the band-
gap variation of chiral and achiral CNT with uniaxial and
torsionalstrain. The methodusedis discussedn Sec.Il. The
resultsobtainedby usinga single 7 orbital are discussedn
Sec.lll A and are comparedto four orbital calculationsin
Sec.lll B. The conclusionsare presentedn Sec.IV.

II. METHOD

In the presencef a uniform uniaxial andtorsionalstrain,
a distortedgraphenesheetcontinuesto havetwo atomsper
unit cell (Fig. 1). It is conveniento representhe changein
bond lengthsusing the chirality dependentoordinatesys-
tem. The axesof the chirality dependentoordinatesystem
correspondingo (n,m) CNT are the line joining the (0,0
and(n,m) carbonatoms(c), andits perpendiculalt) (Fig.
1).2 Thefixed andchirality dependentoordinatesystemare
relatedby, ¢=coséx+sin dy andt= — sin éx+coséy, where
sin(®)=3(n—mley) and cos@)=3/2(n+mle,). ¢y
= nZ+m?+nm, isthecircumferencef thetubein unitsof
the equilibrium lattice vector length, |a;|=|a,|=a,. The
bondvectorsare given by
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where5r; representsieviationfrom anundistortedsheetand
r3=—(r1+1,). Within the contextof continuummechanics,

applicationof a uniaxial or torsionalstraincauseghefollow-
ing changein the bondvectorsof Fig. 1:

Fii— (1+€)r;  and Fic—(1+€,)Fic (tensile (2)

Fic—Ficttan(y)r;, (torsion, (3)
wherei=1,2,3andr;, is the p componenbf F, (p=e.t). ¢
ande, representhe strainalongt ande, respectivelyjn the
caseof uniaxial strain. y is the shearstrain.

Using Egs. (1)—(3), the lattice vectors of the distorted
sheetare

FIG. 1. The fixed (x,y) and chirality dependente,t) coordi-
natesr,, r,, andr; correspondo bondsl, 2, and3, respectively.

51 andéz arethe lattice vectorsof the two dimensionalsheet.
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The correspondingunit cell area is |al><az| \/_/2(1

+ et)(1+ 66)30 The real-spaceunit cells correspondto r

—J1a1+;232, where j; and j, are integers. The one-
dimensional(1D) unit cell length (T) is the shortestr, for

which r,=0. That is, the two lattice points, r=0 andr

=j,a,+j,a, havethe samec coordinate This corresponds
to the following conditionon j; andj,,

(1+e)[j1(2n+m)+j,(n+2m)]

+tan(y) y3[jm—jn]=0 6)
andthe 1D unit cell lengthis
m—j,n
T—ay(1+¢, \/_(Jl Jz) 0
2 Cp

Whenonly uniaxial strainis present y=0), Eq. (6) cor-
respondsto, j,(2n+m)+ j,(n+2m)=0. The correspond-
ing j; and j, with smallestabsolute values are j;=(n
+2m)/gcd(n+m,n+2m) and j,=—(2n+m)/gcd(2n
+m,n+ 2m). gcdrefersto the greatestommondivisor. Us-
ing thesevaluesin Eq. (7), the 1D unit cell length of an
(n,m) tubeis

T=(1+¢)\/3cpao/gcd 2n+m,n+2m). (8)
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In the absenceof strain, Eqg. (8) reducesto the result for
undeformednanotube. In the presenceof uniaxial strain,
the unit cell lengthis equalto (1+ ¢;) timesthe unstrained
unit cell length. When only torsionis present,Eq. (6) sim-
plifies to

j1(2n+m)+ j,(n+2m) +tan(y) V3(jm—j,n) =0 o

For arbitrary valuesof y, n, and m, this equationcorre-
spondgo alargeT. Forexamplefrom Fig. 1 it is easyto see
that undertorsion, the unit cell of an armchairtube canbe
much largerthana, dependingon the value of y. We will
come back to this point at the end of Sec.Il, where we
discusscalculationof band-gapchangedueto torsion.

We treatthe nanotubewithin the approximatiorthatit is a
rolled up graphenesheetand assumea single-r orbital per
carbonatom.We calculatethe bandstructureof the distorted
sheetto be!®

E(k)= (2 +13+12+ 21,1, cog k- (r,— 1) ]
F3)]

L e 1/2
+2t3t; cogk-(rz3—rqy)])"s

(10

whereEzkcé+k,f. The primary effectsof changein bond
vectorsare to alter the hopping parametetbetweencarbon
atomsand the lattice vectors.The hopping parametelis as-
sumedto scalewith bond lengthas* t;=t,(ro/r;)?, where
to andr, arethe hoppingparameterand bond length of an
unstrainedgraphenesheet.The value of t, is around3 eV.
From Egs. (4) and (5), the circumferenceof the distorted
sheetis (1+ €.)epa,. The wave function of the CNT is
quantizedaroundthe circumferenceandsok, is given by
ke(1+ €c)epao=

2mg, (11)

wheregq is aninteger.Equation(10) cannow be written as,

n+2m 3 n J3tany) n
E(k,) = [t1+12+t3+21‘1t2C05{ | Ch —TC—hktao— 1+—€Cc_%
2n+m \3m | J3tan(y) m
+2tlt300{’ﬂqc—§+76—h ;89 1+—Ecc_%
12
n-m \3n+m J3tany) n+m||*
+ 2t,t3 CO{ mq cﬁ +7 ;8p+ 1+—€c C% ) (12)
|
where, k; =(1+ ¢)k;. The bandgap of an (n,m) tubein  changefrom the undeformectase(q=0,1,2 ... N., where

presenceof uniaxial (y=0) or torsionalstrain (e,= ¢,=0)
can be easily calculatedfrom Eg. (12). In caseof uniaxial
strain, the limits of k; aregivenby — w/T<k,<w/T, where
T is the 1D lattice vectorlengthdeterminedby Eq. (8). The
numberof atomsin the 1D unit cell doesnot changein the
presenceof uniaxial strain and so the rangeof g doesnot

N, is the numberof hexagonsn the 1D unit cell).

In the caseof torsion,the numberof atomsin the 1D unit
cell andT canbe large[Eq. (9)]. The correspondingpanof
k; is then small comparedto the undeformedtube and the
rangeof g is commensuratgith the numberof atomsin the
1D unit cell. The eigenspectruntan howeverbe obtained
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FIG. 2. Band gap versustensile strain: For semiconducting
tubes, the sign of slope of d(Band gap)/d(Strain) depends
only on the value of (n—m) mod3. The magnitude of
d(Band gap)/d(Strain) islargestfor zig-zagtubesanddecreases
with decreasén chiral angle. The magnitudeis smallestfor arm-
chair tubes. The solid, dashedand dotted lines correspondto (n
—m) mod 3 valuesof 1, — 1, andO respectivelyThevalueof t, is
around3 eV.

from Eq. (12) by settingy=0 and spanningover the same
valuesof g andk; asin theundeformecdtase.Thisis because
the eigenspectrunmdepend®nly on the tight-bindingparam-
eters (and not on the exact geometry if the coordination
numberof the carbonatomsremainsconstant.®

Ill. RESULTS AND DISCUSSION

Theresultsobtainedusingthe methoddescribedn Sec.ll
arediscussedn Sec.lll A. We thenpresenthe resultsfrom
four orbital calculationswith energyminimizedstructuresn
Sec.lll B.

A. a7 orbital

We first considerthe caseof uniaxial strain. The bandgap
is obtainedby finding the minimumof E(k;), wherethe span
of k; and g are discussedbelow Eq. (12). The band-gap
changeis largestfor zig-zag tubesand the magnitudeof
|dE4/do| is approximatelyequalto 3t,. For armchairtubes,
applicationof uniaxial straindoesnot causea bandgap.We
find that, (i) |dE4/d o] increasesvith increasen chiral angle
(Fig. 2) and (||) the sign of dEy/do follows the (n
—m) mod 3 rule }® For examplethe chiral angleof (6,5 and
(6,4) tubesare closeto that of armchairtubes.The slopeof
bandgapversusstrainis correspondinglysmall andthe sign
of slopeare opposite For semiconductingig-zagtubesand
armchairtubes,our resultsagreewith Ref. 9.

As uniaxial strainincreasesthereis an abruptreversalin
signof dEg4/do asillustratedfor zigzagtubesin Fig. 4. This
featureindicatesa changein bandindex g correspondingo
the bandgap and can be understoodrom the following ex-
pressionthatdescribeglependencef energyfor variousval-
uesof q atk,=0 [Eq. (A3) of the Appendix:
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FIG. 3. The changein slope of the (10,0 and (19,0 tubes
around10% and 5% strain, respectivelys dueto a changein the
guantumnumberg thatyields the minimumbandgap.Inset:E vs k
of theq=7 (solid) andg= 6 (dashegl bandsasa function of strain
for a (19,0 tube.Strainsof 0%, 3%, and6% correspondo increas-
ing thicknessof the lines.

sgng),
(13

5"1 Q’ZT
E(0)=Ey(q)—2ty— p l—TCO
0 1

where sgn@)=[1—2 cos@n/n)]. The minimum value of

Eo(g) =ty |1—2 cos@n/n)| is half of the band gap of an
unstrainedube. The first term of Eq. (13) takesthe smallest
valuefor thebandindexg = g, thatsatisfiem=3¢g,* 1. The
secondterm canhoweverchangesign wheng changedrom

go t0 go+ 1. As a result, a dramatic changein sign of

dEgy/do becomespossibleif the magnitudeof the second
termis largerthanchangen thefirst term (Fig. 3). Thestrain
requiredto observehis effectdecreaseastheinverseradius
for largen. Thisis becausehe differencein energyof theg

and g,*= 1 bandsbecomesmaller with increasein radius.
Figure3 demonstratethis point by comparingthe (10,0 and
(19,0 tubes.For the (19,0 tube,the changein slopeoccurs
at aroundfive percentstrain. Thesestrain valuesare acces-
siblein bulk nanotubesamples’ The insetof Fig. 3 shows
changen energyof the g=6 andg=7 bandsfor the (19,0

tubefor threedifferentvaluesof strain.While theg=6 band
shifts up in energyas strainincreasesthe g="7 bandshifts
down. Thus leading to the discussedchangein sign of

dEgy/do.

In caseof torsional strain, the band gap is obtainedby
finding the minimumof E(k;) usingEq. (12), wherethe span
of k; andq arediscussedn thelastparagraptof Sec.ll. The
magnitudeof |dEg/do]| is approximatelyequalto 3t, for
armchairtubesand this is in agreemenwith Ref. 11. For
zig-zag tubes, torsion causesonly a small changein band
gap.Theleadingtermin band- gap:hangedependsm v only
to secondorder. We find that (i) |dE4/do| decreasesvith
increasen chiral angleandtakesthe smallestvaluefor Zig-
zag tubes(Fig. 4) and (ii) the sign of dE4/do follows the
(n—m) mod 3 rule®
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FIG. 4. Band gap versustorsional strain: For semiconducting
tubes,the sign of slopeof d(Band gap)/d(Strain) dependnly
on the value of (n—m)mod3. The magnitude of
d(Band gap)/d(Strain) is largestfor armchair tubes and de-
creasesvith increasen chiral angle. The magnitudeis smallestfor
zig-zag tubes. The solid, dashed,and dotted lines correspondto
(n—m) mod 3 valuesof 1, —1, andO, respectively.

B. Four orbital

To verify the simple picture presentedye havealsoper-
formed four orbital calculationsusing the parametrization
givenin Ref. 18. The changein bondlengthsare computed
using both continuum mechanics[Egs. (2) and (3)] and
structuresthat are energyminimized by Brennerpotential'®
The energy minimization was performed with periodic
boundaryconditions.For the small valuesof strain consid-
ered,we find that the bandgap is not very sensitiveto the
two methodsof obtainingthe bondlengths.The resultspre-
sentedin Figs.5 and 6 correspondo the bond lengthsob-
tained by energy minimization. For semiconductingubes,
the resultsof Figs.5 and 6 agreewith the 7 orbital results
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FIG. 5. SamecaptionasFig. 2 but thesearefour orbital results.
In they-axislabel,t=2.66eV.
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FIG. 6. SamecaptionasFig. 4 but thesearefour orbital results.
In the y-axis label,t=2.66eV.

presentedin Figs. 2 and 4, respectively: The slope of
dEg/do follows the (n—m) mod 3 rule andthe magnitude
of slopevariesmonotonicallywith chiral angle.The primary
difference concerns nonarmchair tubes satisfying n—m
=3*integer. This is not surprisingbecauseRef. 2 haspre-
dicted suchtubesto havea small bandgapdueto curvature
induced hybridization at zero strain. As a result, applying
either tensionor compressiondoesnot producethe “V"-
shapeccurveof Fig. 2 with zerobandgapat zerostrain. The
differenceis thatthe curvesare shifted awayfrom the origin
asshownin Fig. 5.

1V. CONCLUSIONS

In conclusion,we presenta simple picture to calculate
bandgap versusstrain of CNT with arbitrary chirality. We
find that underuniaxial strain, |dEg4/do| of zig-zagtubesis
3t, independenbf diameter,and continually decreasess
the chirality changesto armchair,when it takesthe value
zero. In contrast, we show that under torsional strain,
|dEg/do| of armchairtubesis 3t, independenof diameter,
and continually decreaseasthe chirality changedo zigzag,
whereis takesa small value. The sign of dEg4/do follows
the (n—m)mod3 rule in both cases® We also predict a
changein the sign of dE4/do asa function of strain, corre-
spondingto achangen thevalueof g thatcorrespondso the
band-gapminimum. Comparisorto four orbital calculations
showthat the main conclusionsare unchangedThe primary
difference involves nonarmchairtubes that satisfy n—m
=3* integer.
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APPENDIX

Zig-zag tubes under tension: Under uniaxial strain the
bandstructureof (n,0) is [Eq. (12)]
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E(k,) = itz[ 1=+ (?) cos( q%) cos{(1+ et)\?kta0
2
21’1 2 qm 1/2
+ };J cog 7;)] : (A1)

Pleasenote that t; =t; dueto symmetry.The minimum of

E(k;) occursatk;=0,
2t
1- —1c05< q—w) ‘ .
ty n

E(0)==*t, (A2)
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To first orderin &r; Eq. (A2) is?°
_ 6"1 25"2 q'ﬂ'
E(O)_EO(Q)_ZtOW 1- o1, CO{T)
g
ngdq)[1—2c05<7) , (A3)

where, sgn{@)=[1—2cos@n/n)]
— 2 cos@min)|.

and Ey(g)=t, |1
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