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We
�

usea simplepicturebasedon the � electronapproximationto studythe band-gapvariationof carbon
nanotubes� with uniaxialandtorsionalstrain.We find 	 i
 � that

�
themagnitudeof slopeof bandgapversusstrain

has



an almostuniversalbehaviorthat dependson the chiral angle, � ii
�� that
�

the sign of slopedependson the
value� of (n � m) mod 3, and � iii � a novelchangein signof theslopeof bandgapversusuniaxialstrainarising
from a changein the value of the quantumnumbercorrespondingto the minimum bandgap. Four orbital
calculations� arealsopresentedto showthat the � orbital resultsarevalid. � S0163-1829� 99

���
00844-9
� �

I.
�

INTRODUCTION

Themechanicalandelectronicpropertiesof carbonnano-
tubes
�  

CNT
! "

have
#

individually beenstudiedin somedetail1–5

and$ thepredicteddependenceof bandgapon chirality1–3 has
#

been
%

observed.6
&

The study of band-gapvariation with me-
chanical' deformationis important in view of the ability to
manipulate( individual nanotubes.7

)
Additionally,
*

they could
form
+

the basisfor nanoscalesensorsin a mannersimilar to
experiments, using C60

& molecules.8 Recentstudiesof band-
gap- changeof zig-zag and armchair tubes on mechanical
strain. haveshowninterestingbehavior.9–1

/
1 References
0

9 and
10 studiedtheeffectof uniaxial strainusinga Green’sfunc-
tion
�

methodbasedon the 1 electron, approximationand a
four orbital numerical method, respectively.Reference11
predicted2 theopeningof a bandgapin armchairtubesunder
torsion,
�

using a method that wraps a massless two-
dimensional
3

Dirac Hamiltonianon a curvedsurface.In this
paper,2 we presenta simple andunified pictureof the band-
gap- variation of chiral and achiral CNT with uniaxial and
torsional
�

strain.Themethodusedis discussedin Sec.II. The
resultsobtainedby usinga single 4 orbital5 arediscussedin
Sec.
6

III A and are comparedto four orbital calculationsin
Sec.
6

III B. The conclusionsarepresentedin Sec.IV.

II. METHOD

In
7

thepresenceof a uniform uniaxialandtorsionalstrain,
a$ distortedgraphenesheetcontinuesto havetwo atomsper
unit8 cell 9 Fig. 1: . It is convenientto representthe changein
bond
%

lengthsusing the chirality dependentcoordinatesys-
tem.
�

The axesof the chirality dependentcoordinatesystem
corresponding' to (n; ,< m= )

>
CNT are the line joining the ? 0,0

@BA
and$ (n; ,< m= )

>
carbonatoms(cCˆ )

>
, andits perpendicular( tD̂ )>FE Fig.

1G .12 Thefixed andchirality dependentcoordinatesystemare
relatedby, cCˆ H cos' I xJ ˆ K sin.ML yN ˆ and$ tD̂ OQP sin.SR xJ ˆ T cos' U yN ˆ,< where
sin(. V )>XW 1

2
Y (Z n;\[ m= /

]
cC h
^ )> and cos(_ )>X`ba 3

c
/2(n;ed m= /

]
cC h
^ ).> cC h

^fQg n; 2
hji

m= 2
hlk

nm; ,< is thecircumferenceof thetubein unitsof
the
�

equilibrium lattice vector length, m an o 1 prqts an u 2 vxw an 0
y . The

bond
%

vectorsaregiven by

rz { 1 | an 0
y

2
} n;e~ m=

cC h
^ cCˆ � an 0

y
2
}e�

3
c n;e� m=

cC h
^ tD̂ ��� rz � 1

and$ � 1�

rz � 2 �Q� an 0
y

2
} m=

cC h
^ cCˆ � an 0

y
2
}e�

3
c 2n;e� m=

cC h
^ tD̂ ��� rz � 2 ,<

where� � rz � i represents� deviationfrom anundistortedsheetand
r� 3�l�Q� (

Z
r� 1 � r� 2h )> . Within thecontextof continuummechanics,

application$ of a uniaxialor torsionalstraincausesthefollow-
ing
�

changein the bondvectorsof Fig. 1:

rz it ��� 1  ¢¡ t£¥¤ rz it and$ rz ic ¦¨§ 1 ©¢ª c«­¬ rz ic ® tensile
� ¯ °

2
}�±

rz ic ² rz ic ³ tan
�µ´·¶¹¸

rz it º torsion
� »

,< ¼ 3c�½
where� i

¾À¿
1,2,3 andr ip is thepÁ component' of r i

Â
(
Z
pÁÄÃ cC ,< tD ).>ÆÅ

t£
and$ Ç

c« representthestrainalong tD̂ and$ cCˆ ,< respectively,in the
case' of uniaxial strain. È is

�
the shearstrain.

Using
É

Eqs. Ê 1Ë – Ì 3cÎÍ ,< the lattice vectors of the distorted
sheet. are

FIG. 1. The fixed (xÏ ,Ð yÑ )
Ò

and chirality dependent(cÓˆ ,Ð tÔ̂ )Ò coordi-
nates.r1 , r2,Ð andr3

Õ correspond� to bonds1, 2, and3, respectively.

aÖ 1 anda× Ø 2 arethe lattice vectorsof the two dimensionalsheet.
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an à 1 á rz â 1 ã rz ä 3�jå an 0
y æ 1 ç¢è c«­é 12}

2n;eê m=
cC h
^

ë
tan
�íìïîñðóò 3

c
2

m=
cC h
^ cCˆ ô an 0

yÎõ 1 ö¢÷ t£ùø
ú

3
c

2

m=
cC h
^ tD̂ û 4ü

and$
an ý 2 þ rÿ 1 � r

�
2
� an 0
y � 1 ��� c«�� 12 n;
	 2

}
m=

cC h
^

� tan
�
����� � 3

c
2
} n;

cC h
^ cCˆ � an 0

y�� 1 ��� t£��
�

3
c

2
} n;

cC h
^ tD̂ . � 5���

The
�

corresponding unit cell area is  an ! 1 " an # 2
h�$&%(' 3

c
/2(1)�*

t£ )(1>,+�-
c« )> an 0
y2h . The real-spaceunit cells correspondto r./ j

0
1an 1 1 2 j

0
2an 3 2,< where j

0
1 and$ j

0
2 are$ integers. The one-

dimensional
3 4

1D5 unit8 cell length 6 T798 is
�

the shortestrz t£ for
+

which� rc«;: 0
@

. That is, the two lattice points, r<>= 0
@

and r?@ j
0

1an A 1 B j
0

2an C 2 havethe samecCˆ coordinate.' This corresponds
to
�

the following conditionon j
0

i and$ j
0

2
h ,<D

1 E�F c«�G;H j0 1 I 2} n;KJ m=MLON j
0

2
h�P n;KQ 2

}
m=SR�TU

tan
�WVYX[ZO\

3
cK]

j
0

1m=_^ j
0

2n;[`�a 0
@ b

6
c�d

and$ the 1D unit cell length is

T e an 0
y�f 1 g�h t£ji

k
3
c

2

l
j
0

1m=_m j
0

2
h n;on

cC h
^ . p 7q�r

When
s

only uniaxial strainis present( t
u 0),
@

Eq. v 6c�w cor-'
respondsto, j

0
1(2
Z

n;Kx m= )
>Oy

j
0

2
h (Z n;Kz 2m= )

>O{
0
@

. The correspond-
ing j

0
1 and$ j

0
2 with� smallest absolute values are j

0
1 | (
Z
n;}

2
}

m= )
>
/gcd(2n;K~ m= ,< n;K� 2

}
m= )
>

and j
0

2
h��(� (2

Z
n;K� m= )

>
/gcd(2n;�

m= ,< n;K� 2m= )
>
. gcdrefersto thegreatestcommondivisor.Us-

ing
�

thesevalues in Eq. � 7q�� ,< the 1D unit cell length of an
(
Z
n; ,< m= )

>
tubeis

T
7����

1 ��� t£j�O� 3
c

cC h
^ an 0
y /
]
gcd� 2} n;K� m= ,< n;K� 2

}
m=S� . � 8���

In the absenceof strain, Eq. � 8��� reducesto the result for
undeformed8 nanotubes.4

�
In the presenceof uniaxial strain,

the
�

unit cell length is equalto (1 ��� t£ )> times the unstrained
unit8 cell length.When only torsion is present,Eq. � 6c�� sim-.
plifies2 to

j
0

1 � 2n;K� m=M O¡ j
0

2
h�¢ n;K£ 2m=S¤O¥ tan

�W¦�§�¨O©
3
c
ª

j
0

1m=_« j
0

2
h n;o¬O­ 0.

@¯®
9
°�±

For arbitrary valuesof ² ,< n; ,< and m= ,< this equationcorre-
sponds. to a largeT

7
. For example,from Fig. 1 it is easyto see

that
�

undertorsion, the unit cell of an armchairtube can be
much( larger than an 0

y depending
3

on the value of ³ . We will
come' back to this point at the end of Sec. II, where we
discuss
3

calculationof band-gapchangedueto torsion.
We
s

treatthenanotubewithin theapproximationthatit is a
rolled� up graphenesheetand assumea single-́ orbital5 per
carbon' atom.We calculatethebandstructureof thedistorted
sheet. to be,13

E µ k¶ ·¹¸Oº�» tD 12h�¼ tD 2h2h�½ tD 3�2h�¾ 2tD 1tD 2 cos'¯¿ k¶ À Á rÂ 1 Ã rÄ 2 Å�ÆÇ
2
}

tD 2h tD 3� cos'¯È k¶ É Ê rz Ë 2h�Ì rz Í 3��Î�ÏÐ
2tD 3� tD 1 cos'¯Ñ k¶ Ò Ó rÔ 3��Õ rÖ 1 ×�Ø>× 1/2,< Ù 10Ú

where� k
¶ Û;Ü

k
¶

c« cCˆ Ý k
¶

t£ tD̂ . The primary effectsof changein bond
vectorsÞ are to alter the hopping parameterbetweencarbon
atoms$ and the lattice vectors.The hoppingparameteris as-
sumed. to scalewith bond length as14 tD i ß tD 0y (Z r0

y /
]
r i)
> 2,< where

tD 0y and$ rz 0
y are$ the hoppingparameterand bond length of an

unstrained8 graphenesheet.The value of tD 0y is
�

around3 eV.
From
à

Eqs. á 4â�ã and$ ä 5��å ,< the circumferenceof the distorted
sheet. is (1 æ�ç c« )> cC h

^ an 0
y . The wave function of the CNT is

quantizedè aroundthe circumferenceandso k
¶

c« is given by

k
¶

c«�é 1 ê�ë c«�ì cC h
^ an 0
y�í 2
}ïî

qð ,< ñ 11ò
where� qð is an integer.Equation ó 10ô can' now be written as,

E
õ÷ö

k
¶

t
£jøOù tD 12 ú tD 22 û tD 3�2 ü 2

}
tD 1tD 2 cos' ý qþ n;Kÿ 2m=

cC h
^2 �

�
3
c

2
} n;

cC h
^ k
¶

t£ � an 0
y�� qþ�� 3

c
tan�	��


1 ��
 c«
n;
cC h
^2

�
2tD 1tD 3� cos' � qþ 2

}
n;�� m=
cC h
^2h � �

3
c

2

m=
cC h
^ k
¶

t£ � an 0
y���� qþ�� 3

c
tan�	���

1 ��� c«
m=
cC h
^2h

 
2tD 2tD 3� cos' ! qþ n;�" m=

cC h
^2 #

$
3
c

2

n;�% m=
cC h
^ k
¶

t£ & an 0
y�'�( qþ*) 3

c
tan+-,�.

1 /�0 c«
n;�1 m=

cC h
^2

1/2

,< 2 123

where,� k
¶

t£ 465 (1
Z87�9

t£ )> k¶ t£ . The band gap of an (n; ,< m= )
>

tube in
presence2 of uniaxial ( :<; 0

@
) or torsionalstrain ( = c«?>�@ t£BA 0)

@
can' be easily calculatedfrom Eq. C 12D . In caseof uniaxial
strain,. the limits of k

¶
t
£ are$ given by E�F /

]
T
7HG

k
¶

t
£BI�J /

]
T
7

,< where
T is the 1D lattice vector lengthdeterminedby Eq. K 8�ML . The
numberof atomsin the 1D unit cell doesnot changein the
presence2 of uniaxial strain and so the rangeof qþ does

3
not

change' from theundeformedcase(qþ�N 0,1,2
@

, . . . ,< N
O

c« ,< where
N
O

c« is the numberof hexagonsin the 1D unit cellP .
In
7

thecaseof torsion,thenumberof atomsin the1D unit
cell' andT

7
can' be large Q Eq.

R S
9
°MTVU

. The correspondingspanof
k
¶

t£ is then small comparedto the undeformedtube and the
range� of qþ is

�
commensuratewith thenumberof atomsin the

1D unit cell. The eigenspectrumcan howeverbe obtained
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from Eq. X 12Y by
%

setting Z<[ 0
@

and spanningover the same
valuesÞ of qþ and$ k

¶
t£ as$ in theundeformedcase.This is because

the
�

eigenspectrumdependsonly on thetight-bindingparam-
eters, \ and$ not on the exact geometry] if

�
the coordination

number^ of the carbonatomsremainsconstant.15

III.
�

RESULTS AND DISCUSSION

Theresultsobtainedusingthemethoddescribedin Sec.II
are$ discussedin Sec.III A. We thenpresentthe resultsfrom
four
+

orbital calculationswith energyminimizedstructuresin
Sec.
6

III B.

A. _ orbital

We
s

first considerthecaseof uniaxialstrain.Thebandgap
is obtainedby finding theminimumof E(

Z
k
¶

t£ )> , wherethespan
of5 k
¶

t£ and$ qþ are$ discussedbelow Eq. ` 12a . The band-gap
change' is largest for zig-zag tubes and the magnitudeofb
dE
c

gd /
]
d
cfehg

is
�

approximatelyequalto 3tD 0y . For armchairtubes,
application$ of uniaxial straindoesnot causea bandgap.We
find
i

that, j i�lknm dE
c

gd /
]
d
cfoqp

increases
�

with increasein chiral angler
Fig. 2s and$ t ii u the

�
sign of dE

c
gd /
]
d
cfv

follows the (n;w m= )
>

mod 3 rule.16 For
à

example,thechiral angleof x 6,5
y{z

and$|
6,4
y{}

tubes
�

arecloseto that of armchairtubes.The slopeof
band
%

gapversusstrainis correspondinglysmall andthe sign
of5 slopeareopposite.For semiconductingzig-zagtubesand
armchair$ tubes,our resultsagreewith Ref. 9.

As uniaxial strainincreases,thereis an abruptreversalin
sign. of dE

c
gd /
]
d
cf~

as$ illustratedfor zigzagtubesin Fig. 4. This
featureindicatesa changein bandindex qþ corresponding' to
the
�

bandgapandcanbe understoodfrom the following ex-
pression2 thatdescribesdependenceof energyfor variousval-
ues8 of qþ at$ k

¶
t£B� 0
@��

Eq. � A3� of5 the Appendix� :

E � 0@���� E0
yM� qþ���� 2tD 0y�� rz 1

r0
y 1 � 2

}��
rz 2
h�

r1
cos' qþ��

n; sgn.�� qþ�� ,<��
13�

where� sgn(qþ )
>M���

1 � 2
}

cos(qþf� /
]
n; )>¡  . The minimum value of

E0
y (Z qþ )
>M¢

tD 0y¤£ 1 ¥ 2 cos(qþf¦ /
]
n; )>¨§ is half of the band gap of an

unstrained8 tube.The first term of Eq. © 13ª takes
�

the smallest
valueÞ for thebandindexqþ�« qþ 0

y that
�

satisfiesn;<¬ 3
c

qþ 0
y�­ 1. The

second. term canhoweverchangesign whenqþ changes' from
qþ 0
y to
�

qþ 0
y�® 1. As a result, a dramatic changein sign of

dE
c

gd /
]
d
cf¯

becomes
%

possibleif the magnitudeof the second
term
�

is largerthanchangein thefirst term ° Fig.
à

3± . Thestrain
requiredto observethis effectdecreasesastheinverseradius
for
+

largen; . This is becausethedifferencein energyof theqþ 0
y

and$ qþ 0
y�² 1 bandsbecomesmaller with increasein radius.

Figure
à

3 demonstratesthis point by comparingthe ³ 10,0́ and$µ
19,0¶ tubes.

�
For the · 19,0̧ tube,

�
the changein slopeoccurs

at$ aroundfive percentstrain.Thesestrain valuesare acces-
sible. in bulk nanotubesamples.17 The insetof Fig. 3 shows
change' in energyof the qþ<¹ 6

y
andqþ�º 7

»
bandsfor the ¼ 19,0½

tube
�

for threedifferentvaluesof strain.While theqþ�¾ 6
y

band
shifts. up in energyasstrain increases,the qþ�¿ 7

»
bandshifts

down.
3

Thus leading to the discussedchange in sign of
dE
c

gd /
]
d
cfÀ

.
In caseof torsional strain, the band gap is obtainedby

finding
i

theminimumof E
Á

(
Z
k
Â

t
£ )> usingEq. Ã 12Ä ,< wherethespan

of5 k
Â

t£ and$ qþ are$ discussedin thelastparagraphof Sec.II. The
magnitudeof Å dE

c
gd /
]
d
cfÆqÇ

is approximatelyequal to 3tD 0y for
armchair$ tubesand this is in agreementwith Ref. 11. For
zig-zagÈ tubes,torsion causesonly a small changein band
gap.- Theleadingtermin band-gapchangedependson É only5
to
�

secondorder. We find that Ê i�lËÍÌ dE
c

gd /
]
d
c�ÎqÏ

decreases
3

with
increasein chiral angleandtakesthe smallestvaluefor zig-
zagÈ tubes Ð Fig.

à
4Ñ and$ Ò ii�ÔÓ the

�
sign of dE

c
gd /
]
d
cfÕ

follows
+

the
(
Z
n;�Ö m= )

>
mod 3 rule.16

FIG.
×

2. Band gap versus tensile strain: For semiconducting
tubes, the sign of slope of d(Band gap)/d(Strain)

Ò
depends

only on the value of (n Ø m) mod3. The magnitude of
d(Band
Ù

ga p)/ d(Strain) is largestfor zig-zagtubesanddecreases
with decreasein chiral angle.The magnitudeis smallestfor arm-
chair tubes.The solid, dashedand dotted lines correspondto (nÚÛ m) mod 3 valuesof 1, Ü 1, and0 respectively.Thevalueof t0

Ý is
around3 eV.

FIG. 3. The changein slope of the Þ 10,0ß andà á 19,0â tubes
around10% and5% strain,respectively,is due to a changein the
quantumnumberqã that

�
yields theminimumbandgap.Inset:E vs k

of the q ä 7 å solidæ ç andq è 6 é dashed
ê ë

bandsasa functionof strain
for a ì 19,0í tube.Strainsof 0%, 3%, and6% correspondto increas-
ing thicknessof the lines.
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B. Four orbital

To verify the simplepicturepresented,we havealsoper-
formed
+

four orbital calculationsusing the parametrization
given- in Ref. 18. The changein bond lengthsarecomputed
using8 both continuum mechanics î Eqs. ï 2ð and$ ñ 3cMòVó and$
structures. that areenergyminimizedby Brennerpotential.19

The
�

energy minimization was performed with periodic
boundary
%

conditions.For the small valuesof strain consid-
ered,, we find that the bandgap is not very sensitiveto the
two
�

methodsof obtainingthe bondlengths.The resultspre-
sented. in Figs. 5 and 6 correspondto the bond lengthsob-
tained
�

by energyminimization. For semiconductingtubes,
the
�

resultsof Figs. 5 and 6 agreewith the ô orbital5 results

presented2 in Figs. 2 and 4, respectively: The slope of
dE
c

gd /
]
d
cfõ

follows
+

the (n;�ö m= )
>

mod 3 rule andthe magnitude
of5 slopevariesmonotonicallywith chiral angle.Theprimary
difference
3

concerns nonarmchair tubes satisfying n;<÷ m=ø 3
c

* integer. This is not surprisingbecauseRef. 2 haspre-
dicted
3

suchtubesto havea small bandgapdueto curvature
induced
�

hybridization at zero strain. As a result, applying
either, tensionor compressiondoesnot producethe ‘‘V’’-
shaped. curveof Fig. 2 with zerobandgapat zerostrain.The
difference
3

is that thecurvesareshiftedawayfrom theorigin
as$ shownin Fig. 5.

IV. CONCLUSIONS

In
7

conclusion,we presenta simple picture to calculate
band
%

gap versusstrain of CNT with arbitrary chirality. We
find
i

that underuniaxial strain, ù dE
c

gd /
]
d
cfúqû

of5 zig-zagtubesis
3
c

tD 0y independentof diameter,and continually decreasesas
the
�

chirality changesto armchair,when it takes the value
zero.È In contrast, we show that under torsional strain,ü
dE
c

gd /
]
d
cfýqþ

of5 armchairtubesis 3tD 0y independentof diameter,
and$ continuallydecreasesasthe chirality changesto zigzag,
where� is takesa small value.The sign of dE

c
gd /
]
d
cfÿ

follows
the
�

(n;�� m= )
>
mod3 rule in both cases.16 We

s
also predict a

change' in the sign of dE
c

gd /
]
d
c � as$ a function of strain,corre-

sponding. to a changein thevalueof qþ that
�

correspondsto the
band-gap
%

minimum. Comparisonto four orbital calculations
show. that the main conclusionsareunchanged.The primary
difference
3

involves nonarmchairtubes that satisfy n;�� m=� 3
c

* integer.
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Zig-zag
�

tubes under tension: Under uniaxial strain the
band
%

structureof (n; ,0)< is � Eq.
R 


12���

FIG.
×

4. Band gap versustorsional strain: For semiconducting
tubes,the sign of slopeof d

�
(
�
Band
�

ga p)/
Ò

d
�

(
�
Strain
�

)
Ò

dependsonly
on the value of (nÚ�� m� )

Ò
mod 3. The magnitude of

d(Band gap)/d(Strain) is largest for armchair tubes and de-
creaseswith increasein chiral angle.Themagnitudeis smallestfor
zig-zag tubes.The solid, dashed,and dotted lines correspondto
(n � m) mod 3 valuesof 1, � 1, and0, respectively.

FIG. 5. SamecaptionasFig. 2 but thesearefour orbital results.
In the y� -axis label, tÔ�� 2.66

�
eV.

FIG. 6. SamecaptionasFig. 4 but thesearefour orbital results.
In the y� -axis label, tÔ�� 2.66

�
eV.
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E � kÂ t£! #"%$ tD 2 1 & 4
â

tD 1
tD 2 cos' qþ('

n; cos' ) 1 *,+ t£!-
.

3
c

2
k
/

t£ an 0
y

0 2tD 1
tD 2h

2
h

cos' 2
qþ(1
n;

1/2

. 2 A1
*43

Pleasenote that tD 1 5 tD 3� due
3

to symmetry.The minimum of
E(
Z
k
/

t£ )> occursat k
/

t£76 0,
@

E 8 0@:9#;%< tD 2h 1 = 2
}

tD 1
tD 2h cos' qþ(>

n; . ? A2@

To
�

first order in A rz i Eq.
R B

A2
*4C

is
� 20
h

E D 0@:E#F E0
yHG qI:J#K 2tD 0yML r1

r0
y 1 N 2 O r2

hP
r1

cos' qI(Q
n;

R
sgn.TS qI:U 1 V 2

}
cos

qI(W
n; ,< X A3

*4Y

where,� sgn(qI )
>#Z%[

1 \ 2 cos(qI^] /
]
n; )>`_ and$ E0

y (Z qI )
>#a

tD 0ycb 1d 2 cos(qI^e /
]
n; )>gf .
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